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The extreme points of the convex polytope of nonnegative symmetric matrices 
of order n with prescribed row sums are fully characterized by their respective 
graphs. For infinite matrices such a characterization is shown to be impossible. 
However, after imposing some additional conditions on the positive entries of the 
matrices, a considerable subfamily of infinite matrices is characterized by its 
graphs. 
1. INTRODUCTION 
In [3, 41 Katz seeks the extreme points of the convex polytope of symmetric 
doubly stochastic, respectively doubly substochastic, matrices. Another class 
of doubly stochastic matrices is treated by Mauldon [SJ. In [l] Converse and 
Katz consider the class of nonnegative symmetric matrices with given row 
sums. 
In this paper we propose a simple graph-theoretical characterization of the 
extreme points of the set of finite nonnegative symmetric matrices with 
given row sums. In the infinite case there is a subclass for which a graph- 
theoretical characterization is not applicable, as will be shown by an example. 
2. DEFINITIONS 
Let A be a nonnegative square matrix and let G(A) = (I’, E) be its digraph. 
If A is symmetric, G(A) may be considered undirected. A subgraph H of G 
is called a generalized cycle if it is a closed walk containing at least one 
simple cycle such that each edge belonging to a cycle of H is traversed exactly 
once. Thus the figures 8, 9, 10 of the (6, 6)-graph and figures 13 and 23 of the 
(6, 7)-graph [2, pp. 219-2211 are examples of generalized cycles. We shall 
refer to odd or even cycles according to their lengths (number of edges in 
the walk). The abbreviation e.g.c. stands for even generalized cycle. A matrix 
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is nonnegatiue (positive) if all its entries are nonnegative (positive). An 
rr-dimensional vector may be regarded as an n x l-matrix. Let r be some 
arbitrary but fixed nonnegative It-dimensional vector such that rt = (yl ,. . ., r,) 
where At is the transpose of A. Then, using the notation in [I], we shall 
denote by qn(r) the set of all nonnegative symmetric matrices of order n, 
such that cbI aij = ri , i :L= 1, 2 ,..., IZ. Strictly nonnegative vectors in R” 
imply zero rows and columns in the matrix without contributing anything 
essential, so that, except for the trivial case where r is the zero vector, it is 
always possible to contract the (strictly nonnegative) vector to a positive 
one of lower dimension and delete the corresponding zero rows and columns 
from the original matrix. For infinite-dimensional vectors we shall use with 
[1] the expression +?Jr), where r is an infinite-dimensional positive vector. 
If no distinction between the finite and the infinite case is necessary we simply 
write 9?(r). 
Rf denotes the set of all positive real numbers. 
Let G = (V, Ej be a graph. Letfbe a mapping of E into Rf. Further, let g 
be a real-valued function defined on E and such that for all tr E V we have 
C (e E E(v)) g(e) = 0, where E(u) denotes the set of edges incident with v. 
The function g is adrnishible with respect to .f, if / g(e)/ <f(e) for all e E E 
and there exists an edge e for which g(e) # 0. 
Let H be a graph. Then 39(H) denotes the set of bridges of H. 
3. A GENERAL PRINCIPLE 
Let A = (aij) be a nonnegative symmetric matrix and let G(A) be its graph. 
Define f (vi , VJ == aij . We now have the following. 
THEOREM 1. A is extreme in 9?(r) if and only if there does not exist a 
real-valued function defined on E(G(A)), admissible with respect to J 
Proof. Let S(e) be an admissible function with respect to jI Let “*” 
stand either for “+” or for “-“. Define y*(e) = f(e) * S(e). Consider 
B* = (bz.) = aij * S(ZJ~ , tlj) = F*(c~ , vj). 
Then B* f%‘(r), B* # A and +(B+ + B-) = A so that A is not extreme in 
WI. 
Suppose now that A = (aij) is not extreme in U(r). Then there are matrices 
B1 , B, in U(r) such that B, , B, # A and &(B, + B,) = A. Put B, - A = 
Dr = dij , B, - A = D, . Then D, + Dz = B1 + B, - 2A = 0 and hence 
Dz = -D1 . Letf(v$ , vi) = aij for (vi , z;~) E E. Define S(vi , Uj) = dij for all 
i, j. Since A + D, = B, 3 0 and A - D1 = A f- D, = B, > 0, it follows 
that S(e) is an admissible function with respect tof. This proves Theorem 1. 
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4. THE FINITE CASE 
We propose the following. 
THEOREM 2. A is extreme in U,(r) if and only if G(A) does not contain a 
generalized cycle of even length (e.g.c.). 
Proof. Let G(A) have an e.g.c. We have: 
Case 1. G contains an ordinary even cycle C. Let the edges of the cycle 
be e, , e3 ,..., e,, . Put min,<,,f(eJ = E. Define 
i(- 1)” 5 
W = lo, 
e = e, E C, 
e $ C. 
Then clearly 6 is admissible with respect to f and hence by our lemma, A is 
not extreme. 
Case 2. G has no ordinary even cycle. Let g be the smallest e.g.c. in G. 
By definition g is a connected subgraph of G but not a tree. It therefore 
contains an ordinary cycle, which is necessarily odd. If g contains just one 
odd cycle C, then there is no path connecting any two nonneighbouring 
vertices of C. By the minimality property of g it has no endvertices (an edge 
at an endvertex does not affect the parity of a cycle containing it) and hence 
there are two cycles C, c’ which by assumption are odd. Their symmetric 
difference is either an even cycle or an edge-disjoint union of odd cycles. 
Since even cycles are ruled out we are left with two edge-disjoint odd cycles. 
They are connected by a path, the length of which may be zero. Let x0, 
Xl ,..., x, be the path with s its length. We have: 
Subcase 2.1. s = 0. Then X, = x,, . Let E(g) denote the set of edges 
belonging to the generalized cycle. Again put min(e E E( g))f(e) = E. We 
define 6(e) = +E, --E alternatingly along each of the two cycles starting 
from x0 and ending with it. Since both cycles are odd, the two edges incident 
with x,, belonging to one of the cycles will have the same sign assigned to 
them by 6. By assigning +E to the pair of one cycle and --E to the pair of 
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the other cycle we get four edges incident with x0, two of them with 
6(e) = +E, and two of them with S(e) = -6. For all other edges put 
6(e) = 0. Again 6 is an admissible function with respect tofand hence A is 
not extreme in U,(r). 
Subcase 2.2. s > 0. Again let +E be assigned to each of the edges of C 
incident with x, . Assign -2~ to (x0, xl) and +2~ and -2~ alternatingly 
along the path. Let 6(x,-, , x,) = 2~. Assign -7 to each of the edges of C’ 
incident with x,~ and zero to all edges not in g. Again 6 is admissible and A 
is not extreme. 
FIGURE 2 
Now let G have no e.g.c. Then each connected component of G is either 
a tree or an edge-disjoint union of a simple odd cycle and a forest having 
the roots of its trees at the vertices of the cycle. Let such a component be 
denoted by potato. The potato is by definition odd or even according to the 
length of the fundamental cycle. 
Let G, be such a component, V,,(G,) the set of its endvertices, and E,,(G,) 
the set of edges incident with V,, . Let, in general, V,(H) denote the set of 
endvertices of the graph H and let E,(H) denote the set of edges of H 
incident with VJH). Define G, = G,\V,,(G,), V,(G,) = V,,(G,), E,(GJ = 
E,(G,) and in general Gh = Gh--l\VO(Gh--l), V, = V*(G,) = V,,(G,), Eh = 
&(G,) = E,(G,). Then g(G,) = vi Ei is a partition of .%(G,). Since G, is 
finite we have Ei = a from some i onward. 
Let f be the function on E representing A. For any function 6 admissible 
with respect to f we have 6(e) = 0 for every edge of E,, . By considering 
El , J%. ,a.. in succession we come to the conclusion that S(e) = 0 for every 
edge of @(G,,). Since Ei = o from some i onward, it follows that Gi is either 
the trivial graph or a simple odd cycle u1 , v2 ,..., v, , zll . Let &a, , v2) = E. 
Then a(~,, 0,) = -E, 6(v,, Q) = E, and so on. Since s is odd we have 
a(~,, 0,) = E. On the other hand we have a(~,, cl) = -8(v, , v,) = --E. 
This implies E = 0, so that 6(e) = 0 for all edges of G, , Since this argument 
applies to each component of G, it follows that S(e) = 0 for all edges of G 
so that there is no admissible function and hence by Theorem 1, A is extreme 
in its class. This completes the proof of Theorem 2. 
We have the following. 
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COROLLARY 1. LetA =(au)E~~(r)andlelC(uji > 0,i .<j)l >n+l. 
Then A is not extreme in T?,,(r). 
Proof. Consider G(A). The conditions of the corollary imply that the 
size (number of edges) of G be at least IZ + 1. Then there is a connected 
component H of G of order k whose size is at feast k + 1 and hence there 
exist two independent cycles in the cycle space of H. Either one of them is 
even (simple or generalized) or else their symmetric difference and the 
connectedness of H implies the existence of an e.g.c., so that by Theorem I, 
A is not extreme in %?Jr), which proves the corollary. 
The following is a lemma in [l]. 
COROLLARY 2. If A is extreme in U,(r), then A has at most 2n positive 
entries. 
In [l] there is a proposition characterizing the extreme points of gn(r) 
among those matrices which have exactly two positive entries in each row. 
Let A be such an extreme matrix. Let G(A) contain a loop. Then this loop 
necessarily belongs to a component of the form 0-0 which is an e.g.c. Then 
G(A) has no loops and hence G(A) is a vertex-disjoint union of cycles of 
length at least three. Since A is extreme by assumption, all the cycles in G(A) 
are odd. The proposition in [1] reads, therefore, as 
COROLLARY 3. Let A be a matrix in U,(r) with two positive entries in 
each row. Then A is extreme in Vn(r) if and only if G(A) contains only odd 
cycles of length at least three. 
Or alternatively, it reads as 
COROLLARY 3’. Under the conditions of Corollary 3, A is extreme in SfTn(r) 
l;f and only if A has a zero main diagonal and G(A) has no even cycles. 
We now consider matrices with equal row sums (see also [3]). Let r, 
denote the (n-dimensional) vector all whose coordinates are 1. Consider the 
class %?,Q3rJ), /3 E R+. For p = 1 this is the class of symmetric stochastic 
matrices of order n. 
Let A be an endpoint of %‘,@r,) and let x be an endvertex of G(A) with 
(x, y) E E. Then f(x, y) = /I and hence y too is an endvertex. 
Let H be a component of G(A). If H has an endvertex, then by what we 
have just said H = K2. Let H have no endvertex. Then H has cycles. If H 
has more than one cycle, then it has an e.g.c. and hence is not extreme. 
Then H has exactly one cycle C, where k is the length of that cycle which 
is necessarily odd. Since H has no endvertices we have H = C, . We thus 
have 
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THEOREM 3. A is extreme in %?&lrJ) if and only if G(A) is a vertex-disjoint 
union of simple odd cycles and K,‘s. 
COROLLARY 4. A is extreme in the class of symmetric and stochastic 
matrices of order n if and only if G(A) is a vertex-disjoint union @simple odd 
cycles and K,‘s. 
We now pass to the infinite case. 
5. M,, a>0 
Let CY. be a nonnegative real number. Define M, = (A = (aJ: 
inf(a,, > 0) aij == a}. We first assume 01 > 0. Let A E M, . The finite case 
has already been treated, so we may assume A E V&r) where r is some fixed 
positive vector of infinite dimension. If G(A) contains an e.g.c., then clearly 
A is not extreme. Suppose G(A) has a two-way infinite path. Choose an arbi- 
trary edge of this path, denote it by e, , and let e, , e, ,... denote the edges of 
the path in one direction and let e-, , eP2 ,... denote the edges in the other 
direction. Now define 6(ei) = (-l)i 01 for every integer i and 6(e) = 0 
for all other edges of the graph. By the choice of 6 it is admissible and hence 
A is not extreme. 
We now assume that G(A) contains no e.g.c. or a two-way infinite path. 
Then every component of G is necessarily a potato or a tree. Let H be an 
infinite component of G containing a simple odd cycle C,: v1 , v2 ,..., v, , v1 . 
Then there exists an infinite path vk , u1 , u2 ,... emanating from some vertex 
vie of the cycle, so that u1 is not in C, . Without loss of generality we may 
assume k = 1. We also assume that the vertex sets of the cycle and the path 
intersect only in v1 , otherwise we should have an even cycle, contrary to our 
assumption. Now define S(vj , vjtl) = (-l)ic42 for j = 1, 2,..., s - I ; 
@OS, VI> = -dz %J, , LIP) = OL, 8(zii , t& = (-l)i 01 for i = 1, 2 ,... and 
S(e) = 0 for all other edges of G. Since o! > 0, S is an admissible function 
and hence A is not extreme. An odd infinite potato has thus the same effect 
in Ma, 01 > 0, as a two-way infinite path. 
We now assume that every infinite component H of G is a tree without 
a two-way infinite path and that no finite component has an e.g.c. Since His 
infinite, it contains essentially one one-way infinite path. Let x1 , xz ,... be 
the vertices of the infinite path and let the corresponding edges be ek == 
(xi,, x/c+,), k = 1, T... . Consider some particular edge e, . The component of 
H\x,+~ containing x1 is finite and the component of H\x~+~ containing xt+3 
is infinite. If another component of H\x,+, were infinite, it would contain 
an infinite path distinct from the one in the first component, so that all the 
other components of H\x~+~ are finite, in particular that which contains e, . 
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By constructing El , E, ,... in succession as in the finite case we arrive at an 
h for which e, E Eh . Thus necessarily S(eJ = 0. Since every edge e of H 
belongs to an infinite path, it follows that 6(e) = 0 for every edge e of H. 
Then 6(e) = 0 for all e E E and hence A is extreme. For infinite matrices in 
M, , (Y > 0 we have, therefore, the following. 
THEOREM 4. Let A E %,&) n M, , 01 > 0. Then A is an extreme point 
of %7&r) if and only if there does not exist a generalized even cycle, a two-way 
i$%ite path or an infinite potato in G(A). 
We may regard the two-way infinite path as an extended (even) cycle 
passing through the point at infinity. The odd cycle with an infinite path 
emanating from it we may regard as an extended e.g.c. With this convention 
Theorem 2 may be extended to all matrices (finite or infinite) in M, , a > 0. 
Two nonnegative matrices A = (aij) and B = (b<j) are said to have the 
same positive pattern if bij > 0 whenever aij > 0. 
For finite matrices we may now state the following, quite striking, 
observation. 
The property, of a finite nonnegative symmetric matrix, of being extreme 
or not extreme in its class is solely dependent on the positive pattern of the 
matrix. 
This observation ceases to be generally true for infinite matrices. Of course 
the existence of an e.g.c. in G(A) implies that A is not extreme. However, 
if we allow additional information, as for example that A E M, , cv > 0, 
we may extend the above mentioned observation to this family as well. 
6. MO 
Let A E M,, . Then A is necessarily infinite. The extreme matrices that belong 
to M. cannot in general be characterized by their graphs. We shall demon- 
strate this assertion by producing two matrices having the same positive 
pattern (their graphs therefore being isomorphic), one matrix extreme in its 
class (%?&,)), the other not extreme in its class (gm(rz)). 
Let A and B have the same positive pattern and let their graphs be iso- 
morphic to G which is defined as follows. G is an infinite rooted dyadic tree, 
vol Its root, 
vll 3 v12 ; v21, v22, v23 9 v24 >*'*Y ' Vi1 Y  vi2 T.**P Vi,2i ; ui+l.l 9.'. 
its vertices, and 
(Vu 3 vi+l.21-l) = Go 7 (vij , 4+l.2j) = eij2 , 
i = 0, 1, 2 ,..., 1 < j < 2i, its edges. 
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FIGURE 3 
Let f and g be the functions on E corresponding to A and B, respectively. 
Let f(eijk) = 4-i, g(e& = 2-i for i = 0, 1,2,... (both f and g depend 
only on i). Consider the function jI Let 6(e,,,) = E > 0, 6 an admissible 
function with respect to J: Then 6(e,,,,) = --E and hence there exist j, , kI , 
1 < j, , k, < 2 such that / S(e,j,k,)l 3 2-k Then there exist j, , k, , 
1 <j, < 4, 1 < k, < 2, such that 1 S(e,jz,z)I > 2-2~. By induction there 
always exist j, , k, , 1 < j, < 2: 1 d k, < 2 such that I 6(e,P,,)I b 2-r~. 
Let r,, be such that 2-Q < E. Then for somej,O, kVO we have 
1 6(e(r,j,k,,))l > 2% > 2-2’o = 4-+ = f(e(r,j,Okr,,)). 
The assumption E > 0 thus leads to a contradiction and hence it follows 
that 6(e,,,) = 6(e,,,) = 0. Let i,, be the smallest integer for which 
G(e(i,,jiOkd) + 0 for somejiO . Then u(i&J may be regarded as a root of an 
infinite dyadic tree which is isomorphic to G. Using the same argument as 
before we come to a contradiction assuming G(e(i,jiOkio)) f 0. Then no 
function admissible with respect to f exists and hence A is extreme in its 
class. 
Now consider the function g. Let 6(e& = (-l)i+-l for every i, j, k, 
i = 0, 1, 2,...; 1 <j < 2i, 1 < k ,< 2. Then ) 8(eijk)l = g(e&/2 > 0 for 
every i, j, k. Then 6 is admissible with respect to g and hence B is not extreme 
in its class. 
We may, however, state partial results which apply also for matrices in A$, . 
Let H be a subgraph of G. Consider the restriction off to E(H), where f 
represents some matrix. Define P(H) = inf(e E E(H))f(e). If P(H) > 0, we 
shall say that H is positively bounded. Thus if A E M, , (y. > 0, then G(A) is 
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positively bounded. Now let G contain a positively bounded extended e.g.c. 
Then, as in the previous section, A is not extreme. 
Consider a tree of the following kind. A vertex v,, with (possibly countably 
many) paths emanating from V,, . From the new vertices there may emanate 
(again possibly countably many) paths. Let this procedure be carried out 
a finite number of times. Let a tree so constructed be called a palm-tree. 
Every finite tree is of course a palm-tree, but the infinite rooted dyadic tree 
described by Fig. 3 is not. A forest consisting solely of palm-trees is a palm 
grove. Let the paths added in the last stage of the palm-tree be called 
I-branches. those added in the last but one stage 2-branches, and so on. The 
paths emanating from q, are thus k-branches for some positive integer k. 
We then have the following. 
THEOREM 5. Let A be a matrix such that G(A) is a palm grove. Then A is 
extreme in its class if and only if G has no positively bounded two-way infinite 
path. 
Proof. The necessity is clear. We prove the sufficiency. Suppose there 
exists an admissible function 6 defined on E. By assumption there is at most 
one l-branch which is positively bounded. If it exists, let it be denoted by yl,, . 
By what we have seen we may disregard possible finite l-branches. Let yli , 
i > 0 be any other l-branch. Let e be an arbitrary edge of yli . Suppose there 
exists an admissible function 6 such that 6(e) = E f 0. Since yli is not 
positively bounded, there exists e’ E yli such that f(e’) < / E 1, so that 
6(e) = 0 for every e in yla . Since i was arbitrary, we have 6(e) = 0 for all 
edges of the l-branches of G except possibly for those of ylU . Now delete 
from G all l-branches distinct from y10 and consider the l-branches of the 
modified graph (which are essentially the a-branches of G). By successive 
application of this procedure and our previous argument we are left at the 
end with at most one one-way, positively bounded, infinite path which, 
if it exists, has necessarily an endvertex. This implies that 6(e) = 0 for all 
edges in this one-way infinite path and hence in the whole of G, so that 6 
is not admissible, a contradiction. Then A is extreme in its class which proves 
the theorem. 
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